
 

5 Differential calculus on R

5.1 Differential and differentiation rules

Let SCR be open Ci e of type Ca b

f s r R Xo C R

Definition 5 I i

f is called differentiable at xo if the
limit

fed fedhim
o

f Xo dd Cxo
x Xo
Xo

exists In this case we denote by f Go
the derivative or the differential of
f at Xo

Remark 5.1

Geometrically the differential quotient

fCx f corresponds to the slope of the
secant through the points x fad Go fix
of the graph Glf and the differential is
is the slope of the tangent at GH in GO.fm
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Definition 5.2

f I IR is called differentiable on a

if f is differentiable at every x er

Example 5.1
i Let fCx mx t b x EIR with constants in bek

Then we have

txt x mi

f is differentiable at every x e IR with

f'G m

ii The function fled 1 1 ER is not
differentiable at xo o as

figg fH fo fight I t.io
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iii yet fCx ExpCx x e R With Example
4.9 ii we have for xot X xothc

RExpfxo.hnExpCxo Explxo fIxp h l

h

Explx hf Exp Xo h o

the function ExpilR R is differentiable

at every x E R with Exp ExpG
or

Exp E xp

Iv The graph of the function f is given
as follows
y
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what is the graph of the derivative
Solution
Notice that the tangents at A B and C

are horizontal so the derivative is 0 there
and the graph of f crosses the x axis
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Between A and B the tangents have positive

slope so f G is positive there But between

B and C the tangents have negative slope
so f G is negative there

4 If fld x x find a formula for f Cx
solution

f G fiygftxthff.fi
lCxthP CfthDCxtxI

uliyyx3t3x2h 3 42 43 X h X

h

Ling 3 2 ht 3 42 43 h
h

Limo 3 2 1 3 4 42 1 3 2 I



Vi If fix Tx find the derivative off
solution

f G fine ftxthlh f H n fi.no Fhhx

t oT IE
Eino f r Eisner

We see that f G exists if o so the
domain of f is fo as This is smaller
than the domain of f which is Io as

Proposition 5 li

Is f SL R differentiable at x er then

f is continuous at Xo

Proofi
For Gk keµ Cd with xp x K as we

have according to Prop 3 3

fair f G fkkl f.lt Cxk xo O
Xk Xo_Fo k soo

f xo finite Xo



and flick f xo o if xk Xo

Thus far fGo k as as desired

Remark 5.2
i prop 5.1 shows that differentiable functions
are continuous However continuous functions
are not necessarily differentiable as the
example fCx H x Ek shows Example5 I

Ii There exist continuous functions f R R

which are nowhere differentiable see exercises

Proposition 5.2 Differentiation laws

Yet f g S IR be differentiable at x er

Then the functions ftg f g and if gcx.to
also the function flag are differentiable
at Xo and we have

i ft g xo f'Go g ko

ii Cfg xo f'Go gGo tf g xo

iii ffg xo f Xo g f Go g ko
gKx



Proof's
i For X E R X Xo Prop 3 3 gives

cftgkx cftg.tl
X Xo

fH I gcx7 g
X X

H o

f ko t g ko

f t g is differentiable at x with

f g k f ko t g ko

ii Analogously Drop 5 I gives

cfgkxf ff.gl CfCxI fCxoDgCx tffx gx gcxog
X Xo

flxlf.FI gCxltfCxo gGlE9fYD

f ko g x f xo g G
and thus the desired result for f g
Iii Due to ii it is sufficient to prove the

case f L Then Prop 5 I and gcx.to
imply that g G to for all x in a

neighborhood of x and g G GG x oxo xen



Drop 3.3 then gives

g x I a i9 g g
f x Xo

g
gtx
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Example 5 2

i For new the function fG xn xc.IR is

differentiable with f ki nx

ProofI by induction
n l i see Example 5 1 i

n htt set f xh gal x According to
induction assumption f and y
are differentiable

f G nxh t g

Prop 5 2 il then gives

dqI G Cfg x f'G gG fadgkx
htt x

D



ii Polynomials p auxnt 19 9

are differentiable on IR with

p x han Xu t ta

Iii Rational functions red offs are

differentiable on their domain of definition
D x c IR q to

and ri plqpg.iq2
is again a rational function on R

Example 5.3 from physics
we let an object fall from an altitude y o

Then its height will be the following function
of time
yet rot yo Igt where
v initial velocity m s

vat vertical velocity as functionof time GG
yo initial altitude cm
yet altitude as function of time



t i time elapsed s

g acceleration due to gravity 9.81 miss
velocity Nfl is given by

y
UCH day y Lt oo g t

MartI c yai t
to

Proposition 5.3 chain rule

Yet f a R be differentiable at x ed
and let g R

112 be differentiable
at yo fCxo Then the function gofer R
is differentiable at x and we have

goof Xo g fad f'Go

Example 5.4
For all functions fcx7 mxtc.gg eyed
we have

goof G thnx c d l xt lect d

and therefore gof G em g fad f G



Proof of Prop 5.3

For xer with f f ffa write

8714478.82 gHH.fajsfff.co fkfIffoI
Let Gadken Cd with xu x Kaos and
let fkn fCxo KEN According to Prop 5.1
we have for xp Xo also f f GD k os

and we get
fig cgoflfj.ae 9of Go g4fCx.Dfkxo E

If for a sequence Xk Xo Ck as we have

XK Xo fkn FG KEN

then we

get ft.aeffII 9

and

fig 9HGIII.CH o gYfCxoDf'Go

Together with 1 7 this then gives the

desired convergence for every sequence
xn C R with xn XoCk as



Example 5.5

i The function
x t Cx't 4xt 1 E XE 8 41 2 3 16 4 8 1
is of the form gof with

gly y f G X't 4xt

Example 5.2 i and Prop 5.3 then

give
x't 4 1

2 2644 1 3 44

g GD Ift
6 5 1 32 3 1 6 4 32 8

Ii The function t te't where r e IR is

of the form gof with ga e's f ft t

Together with Example 5.1 i and iii
we get

centhE.EE fltot


